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A laminar swirled free-convection jet 
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Abstract-The results of a theoretical analysis of the effect of free convection on the flow and heat transfer in 
vertical swirled plumes are presented. The cases of free convection acting in favour and against the forced 

convection are considered. 

1. INTRODUCTION 

AN EFFECTIVE way of solving a variety of problems of the 
applied aerodynamics is the use ofswirled jet flows. The 
interest in swirled viscous jets is engendered by the fact 
that these, in contrast to straight ones, exhibit a 
centrifugal action which causes the transverse and 
longitudinal pressure gradients. The study of these 
phenomena is often of practical importance: for 
cooling turbo-electric generators, discs of gas turbines, 
for the operation of flow burners where flow swirling is 
used for flame stabilization-this is a far from being 
complete list of technical applications of the problems 
considered-whence a great variety of works 
concerned with the investigation of swirled viscous jets, 
whose rather detailed survey can be found in refs. [l-3]. 

The theory of viscous swirled jets goes back to work 
[4] where the first analytical solution of the problem 
was given. The presence of two quantities (Z&L,), 
characteristic of a swirled jet, prevents the basic 
equations from being reduced to one differential 
equation and makes the problem a non-self-similar one 
whose solution is sought with the aid of asymptotic- 
series expansions of the stream function in negative 
powers of the distance from the jet origin. The 
calculations begun by Loitsyansky [4] have been 
brought up to the fourth approximation for II/, u, v and 
to the third for Ap, w [S]. At present the works [6,7] 
continue to appear in the permanent literature that 
refine the mathematical aspect of the problem. The 
experimental material, which has been accumulated up 
to date [Z, 51, but which seems to be far from exhausting 
the problem, generally indicates the high complexity 
inherent in the flow, as a result of which it lends itself 
with difficulty to theoretical analysis. 

While the swirled viscous jets have been studied in 
great detail, the swirled free-convection jets, represent- 
ing an interesting combined motion of a swirled and a 
free-convection jet, have hardly been studied at all. The 
reason for this is, first of all, that each of the flows 
considered (a swirled jet and a free-convection one) is a 
challenge in its own right. 

The well known, self-similar solutions [8] for 
buoyant jets have been obtained presuming the 
equilibrium values of the Archimedes and inertial 
forces. However, the validity range of the formulae thus 

derived is limited only by large values of x where a jet 
degenerates into a free-convective flow. Moreover, the 
relations are valid only for the case when the direction 
of free convection-induced flow coincides with that of 
the liquid flow in the jet. As regards the literature on free 
convection in swirled vertical jets, very little seems to 
have been published [9, lo]. 

In view of this the object of this work was to 
theoretically investigate the effect of buoyancy forces 
on the flow and heat transfer in laminar vertical swirled 
jets. 

2. GOVERNING EQUATIONS 

2.1. 

Consider a swirled viscous incompressible liquid jet 
issuing from a source and propagating vertically 
upward (downward) in an isothermal medium under 
the action of buoyancy forces and initial momentum of 
the jet (T, > T,). Within the framework of the laminar 
boundary-layer model, the basic equations are written 
down in the cylindrical coordinate system (Fig. 1) as 
[ll] : 

aw aw VW Pw 1 aw w 
uax+u-+-=v 2+---T 

ay Y ( ay YaY Y > 
(4) 

aAT aAT ka 

‘X+” ay = ( 

aAT 

Y ay yay. > 
(5) 

A change in the medium density [ 121 

P = ~,C1--Bq(T--TmYl (6) 

is taken into account only by the term corresponding to 
the buoyancy force, which represents the Boussinesq 
approximation [13-E]. The plus and minus signs in 
front of the last term on the RHS of equation (1) relate to 
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NOMENCLATURE 

CP specific heat at constant pressure X axial coordinate, X = x/d, 

do nozzle diameter Y transverse coordinate, Y = y(uo/dov)1’2. 
E kinetic energy flux, E I = E/pfjd, 

Greek symbols 
9 gravity acceleration 
Gr Grashof number, gp,dzl To - T, )q/v’ 

flq, q density parameters [12, 151 

K0 momentum flux, K, = KJp’u,d, B1 coefficient of liquid volumetric 

k thermal diffusivity 
expansion 

L0 momentum flux, L, = L,/(p2u,vd~)“2 E small parameter, + 2 $ X3-q 

ti liquid flow rate in jet, &l = mlpd, 

AP excess pressure, P = (p - p,)/pu$ 
P dynamic viscosity 

Pi. Prandtl number 
P density 

QLl excess enthalpy flux, 
; 

kinematic viscosity 
stream function. 

Q1 = QoMTo- ~&&do 
Re Reynolds number, uod,/v Subscripts 
AT excess temperature, 0 = AT/(T’,- T,) 0 jet at exit 
U axial velocity, U = u/u0 co surrounding medium 
V radial velocity, V = v(do/uov)“2 m maximum 
w tangential velocity, W = w/u0 T at jet stagnation cross-section. 

an ascending and descending forced flow, respectively. 2.2. 
The boundary conditions are For convenience, basic equations (l)-(5), boundary 

v = aulay = amlay = w = 0 at Y = 0 
(7) and integral (8) conditions will be given in 
dimensionless form : 

u-+0, AT-to, w-+0, Ap+0 for y-+co. 

(7) 

The integral relations completing the problem 
formulation are 

s co 

24 PUATY dy = Qo 
0 

s 00 

27r puwy’ dy = L,. 
0 

&(Yu)+$(Yv) = 0 (10) 

w2 ap _=_ 
Y ay (11) 

(8) U~+Vg+~+~-_; (1-4 

FIG. 1. Scheme of flow of a vertical swirled jet. 
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v = aular = aefar = w = 0 at Y = 0 (14) 

u+o, e-+0, w-0, P-to for Y-+00 

s 

co 
2n UBY dY = Q,, 2n UWY’ dY = L,, 

0 

d m 

-s dX o 
(U’+p)Y dY = k$ 

s 
mOqYdY (15) 

0 

3. SELF-SIMILAR SOLUTIONS 

The most simple approach to the problems in the 
class of jet flows is the finding of the self-similar 
solutions for the boundary-layer equations. However, 
the inclusion of the buoyancy forces substantially 
complicates the problem, so that the self-similar 
solutions are possible only at fixed Prandtl numbers. 

3.1. Exact solutions 
Introduce the following dimensionless quantities : 

$(X, 4, W, 4, WX 4, and P(X v) : 

ti =fowxt e = how- 1 (16) 

w = bo(#-(5+q)/4, p = do(q)X-(5+q)/* 

where the dimensionless coordinates are defined as 

x =x, rl ~~X-~l+q”2. (17) 

The substitution of expressions (16H17) into 
equations (9), (11413) yields the following system of 
equations : 

(tl~)‘+~~f6-~(1_4)fb’+2~hB=O 

+U+;(f,h,)‘=O 

(rlbb)‘+;(fob,)‘-+,(l-f,)= 0 

2abq = bi (18) 

subject to the boundary conditions 

fo(0) = 0, lim &fg = 0, f;(a) = 0 
q-0 

lim Jr;Ko = 0, h,(m) = 0 
V+O 

b,(O) = 0, b,(a) = 0, a,(a) = 0. (19) 

Here the prime means differentiation with respect to q. 
The solution of equations (18), satisfying boundary 

conditions (19), is : 

At qPr = 2 

fo2!L, J&l’* 
l+uq ho = (1+$*“. bo = a (1 + V.?# 

I2 1 (2Pr + l)Q1 
ao=--w(l cl= 8n ’ 

A= 3Ld 
8a ’ 

f 2 c”t = 2a2(3 -4). (20) 

At4qPr = 3+q 

b, = ~~~1~2(1+a~)-‘21(3’q), 

3+9 
a0 =-jp(l+q)4-*‘/(3+q) 

W-21) 

Cl = 
WPr+3+q)Ql, a = Ll&W+q) (21) 

48~ 8(3 + q)n 

Note that the self-similar solutions (20), (21) obtained 
are independent of the initial jet momentum magnitude 

2n 
s 

m 
U*Y dY = K, (22) 

0 

and, consequently, are valid far downstream from the 
source where the swirled jet degenerates into a free- 
convective flow. Moreover, the above formulae no 
longer hold for free and forced convection flows 
propagating in opposite directions. 

3.2. Approximate solution 
Consider an analytical solution of the system of 

differential equations (18) at q = 1. The solution of the 
first two equations of system (18) subject to boundary 
conditions (19) will be sought in the form 

focccrll Cl 
l+ut/’ ho = (1 + Etl)EPr/2~ (23) 

The substitution of equations (23) into the first 
equation of system (18) will yield 

Gr 
+2-cl(l+a~)4-(cP’~2) = 0. (24) 

Re2 

Equation (24) admits the solution of the form of 
equations (23) at cPrf2 = 4 and cPr/2 = 3. With this 
choice of the constants, c = 4 and Pr = 2, c = 6 and 
Pr = 1 [S]. To obtain the approximate solution, ex- 
pand the last term of equation (24) into the series 
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and stop with two expansions. This gives 

fo=12xrl 
l+Pr l+aq’ 

ho = cl(l +uv)-6PrI(l+Pr) 

Cl = 
(7Pr+l)Q, Gr La,, 

2471 ’ %s= l+Pr 
(25) 

The integration of the third and fourth equations of 
system (18) yields 

bo = Q@(l +tll])-6’1+P’, 1 = 
L,&(Pr+7) 

8n(l +Pr) 

l+Pr 

ao = 2(Pr-11) 
12(f + arl)‘pr- rr)/(r +pr)+ (26) 

Consequently, the velocity and temperature fields in 
vertical axisymmetric swirled jets are described by the 
following approximate formulae 

6 u 
UC-- 

1 +Pr (1 +uff)2’ 

l+Pr 
p = 2(Pr_11) ~2(1+w) 

(Pr-Il)/(l+Pr)x-3 

w = 4&l/2(1 +ul/)-6/(l+pdx-3/2, (27) 

Expressions (25) and (26) for Pr = 2 and Pr = 1 pass 
over, accurate to the constants LX, cr, 1, into formulae 
(20) and (21) at q = 1. 

4. PERTURBATION METHOD 

The system of coupled basic equations (9H13) 
contains four dependent quantities U, 0, P, W. The 
solution of this system at small values of the parameter E 
can be presented in the form 

$(X, rl) = X f fi(V)Ei, O(X,rl) = x- 1 2 Url)E’, 
i=O i=l 

W(X, rl) = X-2 ~ bi(~)Eit P(X9 4 
i=l 

= x-4 f Ui(t])Ei. (28) 
i=O 

Here 

x = x, q = Y2/4XZ (29) 

Substituting expansions (28) into equations (9)-(13), 
written in terms of variables (29), and equating the 
terms with identical powers of E, will give 

(vbb)‘+ i (fob,)’ - -$ bo(l -fo) = 0, 2abrl= bg (30) 

(31) 

-$(tfhl)‘+kf,h;-:[(3-q)i-l]fohi=Bi (32) 

(~b~)‘+~/,b~-~[(3-q)i-l]f~bi-~ bi(l-f,)= Ci (33) 

2afr/ = Di (34) 
i-l 

Ai = C i[(3-q)(i-j)-l]f;si_j- i [(3-q)j+l]fifr-j --(I$ 
j=l 

i-l 

Bi= 1 
j=l 1 

~[(3-q)(i-j)-l]f;hi_j-~[(3-q)j+l]/,h{-j -~f~ho-~C(3-q)i+llf;hb 

i- 1 
C1 = c 

1 $ [(3-q)(i-j)-l]fjbi_j-k 
[(3-q)j+i]f,b:_j- 

j= 1 (3-;f+1 
f,bi_j 

1 

-~f~bo-f[(3-q)i+l]j;~o-(3-~~t1 f;b, 

i-l 
Di = 2bibo+ C bjbi_j, @I = h& @2 = qhih$-‘, @3 = qh,h;f-‘+ 

4(4-l) 
-hfh~-2 ,..., 2 i= 1,2,3 . . . . 

j=l 

The boundary conditions are 

A(O) = 0, f-“o &f; = 0, f;(m) = 0, f”o &h; = 0, h,(m) = 0, hi(O) = 0, bi(co) = 0, ai = 0 

(35) 
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The solution of equations (30) is known [ 1,4] 

fo.= 3, ho = c1 ,/&‘l’ 3K, 

l+aV (1 + aq)2P’ ’ bo=(1+at1)2’ a==’ 

12 1 

ao = -6 (1+aq)3’ 
)” = 3&L, 

8~ ’ 
c = W’r+ l)Q1 
’ 871 ’ 

In order to find the higher-order terms, use should be 
made of equation (31) in which it is advisable to pass 
over to the new variable z = (1 + a?)- ’ and to 
introduce the new function yi(z) = z4fy’(z). Then the 
following equation can be obtained for yi(z) : 

z(z - 1)~; + (1 + 2z)yi + 2(3 - q)iyi = z3 -& 
( > 

I, 
. 

Here the prime means differentiation with respect to z. 
The solution of this equation can be represented by the 
sum of the solutions of a corresponding differential 
equation and particular integral. It can be easily seen 
that a homogeneous equation is the equation of 
hypergeometric type which has no bounded solutions 
within the range 0 < z < 1, since the coefficient of yi is 
not among the eigenvalues of this equation 1161 

-2(3-q)i=n(n+l), i= 1,2,3 . . . . n=0,1,2 . . . . 

Consequently, the only bounded solution of the 
homogeneous equation is yi = 0. Then the integration 
ofequation(31)isreducedtofindingitspartialsolution. 
Note that similar results are also obtained from the 
analysis of equations (32)-(34). 

Thus, as the investigation shows, the search for the 
terms ofexpansion (28) ofhigher order (i > 1)is reduced 
to the finding of particular integrals of equations (31)- 
(34). It is hardly possible to write out their analytical 
expressions for a general case (for any Pr and q). At 
qPr = 2, the sought-after functions are expressed 
as (recurrent formulae) : 

h+1 = & 8a2;_q) u-:s-2ifi) 

hi,1 =-!-- i+ 1 8a2:_q) (&?-2W 

bi+I =L 
C’i 

i+ 1 8a2(3-q) ( 
bjq+;(l-4i)bi 

> 

a,+1 =p i: 1 8a2:_q) Wf+(1-W4 

i = 0, 1,2.. . (37) 

These solutions satisfy the integral conditions, which in 
terms of variables (29) will be written as 

m (3 - 4)i 
I( 

2yof;+ ‘il f;f;-j 
> s 

m 
dr] = 2 @i dtl 

0 j=I 0 

O" 

SC 

fbhi+ c f;hi_j dq =0 
0 j=I > 

f;bi+ i f;bi-j P$‘~ drl = 0 
j=I > 

i = 1,2,3.... (38) 

375 

On having collected the results obtained, it is possible 
to derive the following computational formulae for 
vertical swirled jets : 

8a2:- q) i$o & 

x (f~~+(l-2i)f$9+iX-1 
1 

e = box-‘+ 
8a'(T- q) ,zo & 

x (!1:~-2ihJd+~X-~ 

W= boX-2+ 
8a2(T- q) i$o & 

x 

P = aoX-4+ 8a2:- q) ,co & 

x (a~~+(1-2i)a,)~~+‘X-~ (39) 

5. GENERALIZED SELF-SIMILAR SOLUTION 

Consider an alternative method of deriving the 
functions of distribution of velocities, temperatures, 
swirling and pressure along the jet. The solution of the 
problem will be sought in the form 

$(X9 V) =f (rl)s(X), 0(X, tt) = Wa(X) 

WX, tl) = b(tl)w(X), P(X, tl) = a(tt)K(X) 

x=x, ?=;a(x). (40) 

Theapplicationoftransformation(40) toequations(9)- 
(13) will give 

+$+Ja + ; f h,s,ad - ; f,hsa,cS = 0 

(~b,),dw + ; f b,s,dw - ; f,bsSo, + t f,bs& 

+~fbs,do--ib&o=O 
4rl 411 

b2c02 = 2qa,K. (41) 

The boundary conditions have the form of conditions 
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(19). The system ofequations (41) at qPr = 2 admits the 
solution 

f2!L Cl &p 
l+Wf h = (1 +c??#P@ 

h=i 
(1 

‘2 A 1 

a = _6(1+cr#’ 
s = x, 0=X-’ 

! 

iI2 
x3-4 , w = w/s 

K = a/?, 
3K1 (2Pr+ l)Q, 

a=----, c,= 
167~ 87~ ’ 

A= 3&L, 
87~ . 

(42) 

Then, the results of theoretical calculations of a swirled 
free-convection vertical jet can, eventually, be 
presented in the form 

2a 1 1+G’ c: 

> 

l/Z 
~- 

u = (1 +cc?# x - Re2 2(3 -q)x2 
x3-4 

1 
0 = (1 +$2pr X’ 

JYq”2 1 1+2 cf l/4 

W=i(l+ - Re2 2(3 - q)cr’ 
x3-4 

p,-’ 1 1 

6(1+ 

x3-4 (43) 

These expressions are called the generalized self-similar 
solutions. 

Now, different specific cases from formulae (43) 
derived will be considered. When Gr/Re’ -+ 0, 
expression (36) holds (the case of forced convection [l, 
4]), and when Gr/Re’ -+ co, the self-similar solutions of 
free convection (20) are valid. It is also not difficult to 
show that approximate solution (39) is easily 
obtainable from exact solution (43). For this, it is 
necessary to write equation (43) in terms of variables 
(29) and expand it into a series in the parameter E. Thus, 
series (39) converge into formula (43) at all 

Gr c; 
Re2 2(3 - q)a2 

x3-q < 1. 

It follows from relations (43) that in the case of 
oppositely-directed free and forced convection flows 
there is a cross-section where the jet is smeared 
completely 

(45) 

In this case U, = 0, W, = 0, P, = 0, and 0, has the 
finite value. Thus the value of X, depends not only on 
the Gr and Re numbers, but also on the initial 
momentum K 1, and excess enthalpy Ql. 

Some of the integral characteristics vary along thejet 
as : 

K(X)= K, l+G’ c: 
Re* 2(3 -q)a2 

x3-4 

&f(X) = 87rX 

x3-4 
’ 

(46) 

6. NON-SELF-SIMILAR SOLUTIONS 

6.1. An axisymmetric jet without allowance for the 
buoyancy forces 

It is assumed that a jet of viscous incompressible 
liquid (W = 0, Gr/Re’ = 0) escapes from a finite-size 
nozzle. In this case, following ref. [4], the dimensionless 
stream function and temperature function are 
constructed in series form as 

ti(X,?) = f h(ll)x’-i, 0(X, q) = f h,(q)X-’ mi. 
i=O i=O 

(47) 

Here 

x = x, 1 = Y2/4XZ. (48) 

The substitution of relations (47) into equations (9) 
(13), written in terms of new variables (48), and the 
equations of the terms at the equal powers of X will give 
an infinite system of differential equation to determine 
the unknown functions 

(rlJb)‘+;(folb)‘=O, ;(rlhb)‘+;(foho)‘=O 

$qh:)‘+ i f,h;+ t(i+l)fbh, = Bi 

i-1 

Ai= 1 
j=* 

f(j-l)hf~-j-~[(i-j)+l]f;fi_j 

Bi = - i ffho + k (i- l)fihb 

i-l 

+ C $j- l)&hj_j- i [(i-j)+ l]f;h;_j . (49) 
j=l 

A detailed discussion of the zero-order solution, fo, 

ho Cl, 171, and higher approximations,J, hi(i = 1,2,3), 
can be found elsewhere [S] and therefore will not be 
considered here. Only the final results will be given. 
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These are 

u =; 
1 

&x-‘-y 5 &2f;q 
i=,i+l 

+(i+ l)fi)X-“-‘+ ... 

e =h,X_i-y i F(*h;?/+(i+l)h,)x-z-i+ . . . . 
i=,r+l 

(50) 

It is possible to approximate I+%, U, 0 by higher-order 
terms (i > 3), but then new, undeterminable constants 
appear and the formulae become very cumbersome [S]. 
Here y is the characteristic constant of the problem, 
which passes through the boundary and integral 
condition remaining undeterminable. Extending the 
analysis further, seek an exact non-self-similar solution. 
More general similarity transformations have the form 

ti(X, 0 =f(&(X), 0(X, 0 = h(&(X) 
(51) 

x=x, C+?(X). 

Then, to determine the unknown functions, the 
following equations and boundary conditions are 
obtained 

; (~hr),60+ ; fh&a- f f<hs6a, = 0 

f(0) = 0, t’-“o JFftr = 0, f<(W) = 0 

lim &h, = 0, h(co) = 0. (52) 
5-O 

System (52) admits the solution of the form 

s(X) = X(1 +y/X), 6(X) = x-2(1+y/x)-2 

a(X) = x-‘(l+y/x)-‘. (53) 

In this case the form of the functions f(t) and h(t) 
coincides with the familiar solutions [ 1, 171 

f = 4x5 3K, 
1’ h = (1 +c:i;)2”’ x=16n 

(54) 

Cl = (2Pr+ ~)QI 
87r ’ 

Relations (54) differ substantially from relations (36) 
by a more general expression 

(55) 

The final results are 

(56) 

‘When X -+ 00, formulae (56) pass over into self-similar 
solutions [1, 171. On having written relations (56) in 
terms of self-similar variables (48), approximate 
solution (50) can be obtained by the substitution of the 
McLauren series 

x (2f;~+(i+l)f~)X-2-i 
1 

t9(x,c) = h,X-l-y f &(2h:~+(i+l)hi)X-2-i. 
;=,r+l 

(57) 

Here, the prime means differentiation with respect to r~, 
equation (48); the quantities fo, ho are defined by 
formulae (36). Consequently, relations (57) provide the 
assessment of the convergence region for the series 
obtained 

IrlXl < 1. (58) 

Moreover, the additional constants which appear in 
higher-order terms (i > 3)do not already have the sense 
of y and are a general drawback of the asymptotic 
boundary layer scheme [l]. 

Note that solutions (57) satisfy the corresponding 
integral conditions, which in terms of variable (48) have 
the form 

i-l 

2y0f;+ 1 f;f;-j dr) =0 
j=l > 

f6hi+ i f;hi_j 
> 

dq = 0. (59) 
j=l 

For the final solution of the problem, it now remains to 
determine the integration constant y. It is characterized 
by the mass flow rate per second through the initial jet 
cross-section 

y = n;r,/Src, ti, = &f(O), n;i(X) = 271 
s 

UY dY. 
0 

(60) 

Resuming the analysis, note that relations (56) and (60) 
can be considered also as a self-similar solution [ 1,171 
but which is shifted along the axis X. Physically, this 
operation means the ‘recession’ of the point of fictitious 
jet emergence, i.e. the source of the jet, into the nozzle to 
such an extent that the liquid flow rate at the nozzle tip, 
specified by the self-similar solution [ 171, would be the 
same as the actual flow rate. 

The formal attempts to mathematically describe the 
flow in a laminar axisymmetric jet with the aid of a 
shifted self-similar solution [17] have long been known 
[18]. However, the question of the location of the 
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fictitious source (‘pole’ of the jet) has not been resolved 
[19, 201. 

6.2. An axisymmetric jet with allowance for the 
buoyancy forces 

Again set the problem (9x15) (W = 0, P = 0). The 
solution is sought in the form of equation (51). For the 
function f(c) and h(t) there is the system of equations 
(52) (it is only necessary that the expression 
f2Gr/Re’(h0)~ be added to the first equation). 
Therefore, in order to obtain the non-self-similar 
solution, it is necessary that the finite nature of the 
source (A o # 0) be taken into account : 

2ci 1 
___- 

U=(l+a5)2X 

i/2 
(X+yY-q 

qPr = 2 (61) 

The constants a, ci, y are defined by expressions (54) and 
(60). The merit of the formulae obtained lies in the 
possibility for the calculation of a vertical jet at the 
specified momentum K,. Moreover, they allow the 
description of the damping characteristics of the jet 
issuing into a homogeneous quiescent medium as for 
the flow region downstream of the starting length, 
where the jet-like character of flow is most pronounced 

,,t(1+;)‘, 6+1+q 

so at a great distance from the source where the jet 
behaves like a free-convective flow 

u cc x(1-q)‘2, e cc x-1. 

At Gr/Re’ = 0, relations (61) pass over into expressions 
(56). It also follows from relations (61) that for each of 

the specified quantities Gr/Re2, K,, Q1, hi, there is a 
point on the jet axis with the approach to which the jet 
thickness increases infinitely and the flow in the jet 
along the axis X comes to a halt : 

lb-3 $f 0 > --’ 87~ 
(62) 

Note that the flow rate in the vertical jet (qPr = 2) 

ni(X) = 874X + y) 

with a positive or negative buoyancy force turns to be 
equal to that in a non-convective jet. 

6.3. A swirled convective jet 
The results obtained in Sections 3-5 are valid for 

slightly swirled jets since in equation (9) the term 
-aP/aX has been discarded, which, as is seen from 
solutions (16), (27), (28), (39), and (43), decreases with an 
increase of X much more rapidly than the remaining 
terms of this equation. Consequently, the formulae are 
valid only in the flow region where the assumption of 
the similarity between the profiles of the characteristic 
quantities of a swirled jet remains in force, i.e. these 
solutions have an asymptotic character and are valid 
only at a certain distance from the source. In this case it 
is natural that the higher the swirling, the greater is this 
distance, as compared to slightly swirled jets. But for 
‘moderate’ swirling such a simplification is in- 
admissible, since, as the experiments show [2], the 
reverse streams originate in the axial region of the jet, 
with the axial velocity profiles on the jet axis being 
characterized by ‘dips’. In this case the solution of the 
problem should be sought, as in ref. [4], in the form of 
asymptotic series in the negative powers of the distance 
from the source (q = 1) 

$(X,Y/) = f _&)X1-‘, e(X,n) = f hi(q)X-‘-’ 
i=O i=O 

W(X,r/) = f bi(q)X-3’2-i, 
i=O 

P(X,r]) = 2 ai(q)X-3-i, X = X, q = Y2/4X. (63) 
i+O 

The transformation.of system (9)-(15) with the aid of 
relations (63) yields 
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i-l 

Ci= 1 
j=l i 

~(j-l)/,b;_j-~[(i-j)]+lf;bi-j+‘~~bi_j -fIlb~+t(i-l)l;bb+~ffb. 
I 

i-l 
Di = 2b,b,+ c bjbi_j, 

j=l S( 

m fbk+~lfjh,l)d~=o, 
0 

~~(lbbi+gnbi-j)~l"d~=O 

(l-i) m 
S( 

(64) 
0 

2161~+~~~~/;_,+4~i_~)d*=4~ j:hidp 

Here, the prime means differentiation with respect to q. Note that the integration of equations (64) is performed by 
the method described in Section 4. Stop with the fourth term of the expansion of U, 0, IV, P which will make it 
possible to assess the influence of the swirling degree on the velocity and temperature fields (Pr = 2) 

U =f 
1 

fb-7 i 1(/:tl+~~)X-‘-i+~(f6rl+~~)X-3+ . . . 
i=O i+ 1 1 

0 = h,X-l-y i &(h;?+(i+l)h,)X-z-i+$Mo~X-4+ ... 
i=oz+l 

W= boX~3~z-~~o~[b~~+(i+~)bi]X~5~z~i+~(bo~+~bo~~g~z+~~~ 

i=Oltl (65) 

Here, fo, ho, a,, b. are defined by formulae (20) at q = 1 
and Pr = 2. The approximation of U, 6, W, P by higher- 
order terms (i > 4) is also possible, but then expressions 
(65) acquire a cumbersome form and, which is more 
important, the functions fi, h,, ai, bi cannot be then 
expressed in terms of the self-similar solutions fo, ho, a,, 
bo, respectively. This means that it is impossible to 
obtain an exact non-self-similar solution for a swirled 
jet. The reason for this is that the assumption of the 
universality of velocity, pressure, etc. profiles in swirled 
jets is invalid near the source, while in the region of 
asymptotic trends, i.e. at some distance from the nozzle, 
W decreases more rapidly than U and I’, and the flow 
tends to degeneration into a non-swirled one. However, 
expressions (65) allow a conclusion that the solution 
(63) has an intermediate asymptotic relation ofthe form 

u+) 1+$(x+$3 
[ 1 

l/3 

e N hoX-‘(l+y/X)-’ 

W N boX-3’2(1+Y/X)-3’2 l+$(X+y)-” 1 
l/6 

P * a,X-3(1+r/x)-3 1+ $(x+ yj-” 1 
l/3 

&(l+y/x)-’ 1+g(x+y)-3 [ 1 
113 * 

which qualitatively correctly reflects the properties of 
the solution at large values ofX. Ofparticular interest is 
the comparison of the results obtained, equations (69, 

with analogous formulae for a swirled jet (Gr/Re* = 0) 

c51: 
1 

a=- fbx-’ 
2 { 

-yi~o&(2ff’l+(i+l)f~)x~2~i 

12 
+- 

480~’ 
7f;;?/+5fo)x-3+... 

The effect of swirling on the flow (and heat transfer) is 
taken into account by the third and subsequent terms of 
asymptotic expansions for a jet without allowance for 
the buoyancy forces, while for a convective jet the effect 
of the jet swirling degree is allowed for starting from the 
fourth approximation (65). It indicates that the effect of 
swirling in vertical jets disappears much more rapidly 
than in jets without free convection, i.e. the 
circumferential velocity in jets with buoyancy forces 
decays more rapidly than the axial velocity. Therefore, 
at a certain distance along the flow, where the swirling 
scarcely exerts any effect at all, the swirled jets resemble 
the unswirled ones with buoyancy forces. 
Consequently, it can be expected that for free- 
convection swirled jets the following formulae (Pr = 2) 

2u 1 

( > 

-1 
~- 

u =(l+crQ* x 
1+; 

x l*$-$(x+y)* 
( > 

l/2 

& l/2 1 

( > 
-2 

w=(l+ 
1+; 

x l&$(X+y)2 
( > 

l/4 
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-4 

(66) 

will give quite satisfactory results. Solution (66) is 
integration of the system of equations (41) with 
allowance for the finite nature of the source ti, # 0. 
Here, LZ, cl, y, 1 are defined by formulae (42) and (60). 

7. RESULTS AND DISCUSSION 

Figure 2 illustrates the effect of buoyancy forces on 
the change of axial velocity U in the longitudinal 
direction at y = 10 and at different values of the number 
N = (Gr/Re2)(c1/4ct2). As is seen, at small values of X 
the jet has the characteristics of flow without the 
buoyancy forces. With an increase in X, the 
characteristics of decay on the axis start to deflect from 
those corresponding to a jet with no buoyancy forces. 
With a further increase in X, the jet degenerates into an 
axisymmetric free-convective flow, with an increasing 
N bringing the region ofthis flow regime closer to thejet 
mouth. The curves of the maximum axial velocity and 
temperature are presented in Fig. 3. The points 
represent the values of U,, 0,, obtained by numerical 
calculation of equations (1HS) at w = 0, Ap = 0, q = 1, 
Pr = 2 [21]. It is interesting to note that, except for the 
data for the starting length, all of the results of 
numerical calculations [21] for the developed flow 
region are described by a single curve. 

Now consider Fig. 4 with a family of curves 
representing different analytical solutions. As follows 
from this figure, the discrepancy between approximate 
(39) and generalized self-similar (43) solutions is 

4s/d,Re - 

FIG. 3. Comparison with the results of work [21](@, t),, A, 
V,). 

observed at large values of X. Note that the 
convergence of series (39) slows down with an increase 
in the parameter 

and, therefore, so that satisfactory results could be 
obtained, it is necessary to use a large number of terms 
of these series. This also indicates that the results of 
works studying the effect of free convection on the flow 
and heat transfer in jets by the perturbation method 
(2-3 terms of expansion) [22-241 should be used 
with caution. As follows from Fig. 4, the axial velocity 
at large values of X passes over into the relation 
U N const., which corresponds to the self-similar solu- 
tion for a laminar axisymmetric jet [8]. Therefore, the 
section X, where this law begins to hold, can be 
considered as the start of the region of free-convective 
flow in the jet. As to the effect of the buoyancy forces on 
the developing temperature profiles, the theoretical 
expressions derived do not depend on the number 
GrlRe*. This shows a weak dependence of temperature 
on the number Gr. In particular, the laws governing the 
decrease of 6, in jets (with and without allowance for 
the buoyance forces) coincide (0, cc X-l). 

I I 
0 ,o 20 30 40 $0 60 30 

x/d6 - 

FIG. 2. The effect of buoyancy forces on the change in the 
maximum axial velocity. 

0.4 
0 10 20 30 40 50 60 SO 

“/d. - 

FIG. 4. Variation of the dimensionless axial velocity V 
depending on the dimensionless coordinate X. 
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FIG. 5. Comparison of the present results with the results of 
other investigations [4,5,25]. 

Another important aspect of the problem of vertical 
jets is the determination of the jet deceleration cross- 
section X, in the case when the buoyancy-induced 
momentum opposes the forced convection. The 
difference between expressions (45) and (62), used to 
determine X,, lies in the fact that, when the finite nature 
ofthesourceisallowedfor, thevalueofX,calculated by 
equation (62) turns to be smaller than that found by the 
self-similar approximation of problem (45). 

Finally, in Fig. 5 a comparison is made between the 
axial velocities (Gr/Re’ = 0, W = 0, P = 0) calculated 
by formula (56) of the present work and the numerical 
datapresentedin ref. [25] and analytical results ofother 
authors [S]. 

8. CONCLUSION 

Based on the laminar boundary-layer equations, 
with allowance for a new equation for density [12], the 
problem of vertical motion of a swirled jet under the 
action of initial momentum and buoyancy forces has 
been solved. The problem is shown to admit the self- 
similar solution valid for the free-convection flow zone. 
For the zone of mixed convection, an approximate self- 
similar solution is presented derived by the pertur- 
bation method. It is shown that these expressions 
constitute a particular case of the generalized self- 
similar solution obtained. Analogous relations have 
been earlier suggested in the MHD boundary-layer 
theory [26], but their derivation for the jet flows with 
buoyancy forces represents a new approach to their 
analysis. One of the basic results of the present analysis 
is the finding of the exact non-self-similar solution for 
both a vertical jet and jet without allowance for the 
buoyancy forces. A marked advantage of the formulae 
obtained is the possibility to calculate the vertical jets at 
the specified momentum in the initial cross-section and 
to allow for the finite nature of the source. For 
moderately swirled jets, based on the method of 
asymptotic expansions in negative powers of the 
distance from the jet source (up to the fourth-order 
terms), approximate non-self-similar solutions have 

been obtained which show that the swirling of jets 
exhibits, as compared to a non-convective jet, a 
comparatively weak effect on the flow and heat transfer 
in laminar buoyant jets. The formulae obtained are 
valid for two types of flows : when the direction of free 
convection-induced flow coincides with that of the 
vertical flow in a jet and when the directions are 

opposite. In the second case the results ofcalculation by 
the formulae exactly determine the location of the jet 
stagnation cross-section which is a function of the 

number Gr/Re’, initial momentum, excess enthalpy 
and finite nature of the source. 
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UN JET LAMINAIRE TOURNANT A CONVECTION NATURELLE 

R&sum-On presente les rbultats dune analyse thdorique de l’effet de la convection sur l’ecoulement et le 
transfert thermique dans un panache vertical tourbillonnaire. On considere les cas de convection naturelle 

agissant favorablement ou dtfavorablement vis-a-vis de la convection for&e. 

EIN LAMINARER VERWIRBELTER AUFTRIEBSSTRAHL 

Zusunruenfaaaung-Die Ergebnisse einer theoretischen Untersuchung werden dargelegt, die sich mit dem 
EinfluB der Konvektion aufdie Striimung und den Wilrmeiibergang in einer senkrechten Wirbelfahne befaBt. 
Dazu werden die beiden F%lle betrachtet, dal3 die freie Konvektion gleich- oder gegensinnig zu der 

erzwungenen Striimung wirkt. 

JIAMMHAPHAR 3AKPYYEHHAA CTPYfl CO CBOSOaHOti KOHBEKuMEn 

AHlM3Ta~n--DpenCTaBneHbl Pe3yJlbTaTbl TeO~TWieCKO~OaHaJ7H3a BJIHRHHIl cBO60nHOti KOHBeKLUi11 Ha 

Te'leHHe W TeUJIOO6MeH B aepTHKa,tbHbiX 3aKpyHeHHMX CrpyaX. PaCCMOTpeHbI CJIy’IaH, KOrna ceo60nHas 
KOHBeKLtHa CnOCO6CTByeT H npOT&iBO@iCTB)'eT BbIH)'WleHHOii KOHBeKUWH. 


